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Abstract
We propose a scheme of probabilistic quantum teleportation (PQT) in which Alice possesses both
qubits of the entangled resource and makes repeated generalized Bell state measurement (GBSM) on
the pair of qubits, consisting of (1) the qubit of information state and (2) one of the two entangled
resource qubits (taken alternately) until quantum teleportation (QT) with perfect fidelity is indi-
cated. Alice then sends to Bob the qubit not used for last GBSM and also the result of this GBSM
and Bob applies a suitable unitary transformation to replicate exactly the information state. We
calculate the success probability up to 3rd repeated attempt of GBSM and plot it with concurrence
of the entangled resource state.
Keywords: Probabilistic quantum teleportation, Non-maximally entangled state, Generalized Bell state
measurement.
1 Introduction
Bennett et al [1] first proposed a scheme of Standard Quantum Teleportation (SQT) where a sender,
say, Alice can send state of a quantum two level system (Qubit) to a distant receiver, say, Bob using a
perefectly entangled two-qubit resource [2] and a two-bit classical communication channel. Since inter-
action with environment decoheres the perefectly entangled resource, study of SQT with Non-Maximally
Entangled (NME) [3–5] resource is also important. If the resource is NME, the options available are
either to accept imperfect QT with fidelity less than one or to get perfect QT with probabilistic success, a
process called Probabilistic Quantum Teleportation (PQT). For the latter, Wan Li Li et al [6] introduced
a general form of Bell basis for measurement and showed that for non zero success probability, entan-
glement of the generalized Bell basis should match with entanglement of the shared resource. Agrawal
and Pati [7, 8] proposed that using non-maximally entangled generalized Bell basis one can teleport an
unknown quantum state via NME resource with unit fidelity and non-unit probability, which is known
as PQT. By using basis having same entanglement as that of the NME state success is achieved only
in two cases out of four GBSM, with success probability C2/2 (where C is concurrence of the NME
resource), which is less than 1/2 for NME resource.
In [9], the authors considered QT with 2-qubit NME resource and improved the success probability
using an ancilla and a controlled rotation operation, in those two attempts in which success is not
achieved. For SQT using entangled coherent states [10–12], a scheme of perfect QT with as high success
as desired was proposed by Mishra and Prakash [13], where entangled coherent states and repeated BSM
were used. BSM was a two-stage process, the first indicating whether QT will be successful or not, and
not messing up with the qubit-state, thus permitting repeated BSM’s. Improved PQT using 3-qubit
resource or suitably prepared ancilla [4, 6, 9, 14–17] and PQT of multi-partite state [18–27] have been
proposed and teleportation using mixed entangled state also have been studied [17, 28–30]. The PQT
scheme based on cavity QED also has been realized [3, 31].
We propose here a scheme involving repeated GBSM’s to improve success probability of PQT. Here,
Alice keeps with her both qubits of the entangled resource and makes repeated GBSM on the pair of
∗javedshamiya@allduniv.ac.in
†prakash_ranjana1974@rediffmail.com
‡prakash_hari123@rediffmail.com
1
ar
X
iv
:1
90
2.
03
40
3v
2 
 [q
ua
nt-
ph
]  
4 A
ug
 20
19
qubits, consisting of (1) the qubit having information and (2) one of the two qubit of the entangled
resource, chosen alternately, until perfect QT is indicated. If perfect QT is not indicated, Alice repeats
GBSM with the entangled qubit not used in the previous GBSM replacing the one used. If perfect QT
is indicated, Alice sends the qubit not used in the last GBSM and the result of last GBSM (through a
2-bit classical channel) to Bob, who then makes the required unitary transformation on his qubit to get
the exact replica of information. If perfect QT is not indicated, Alice continues with exchange of the
qubits of the entangled resource and the repetition of GBSM.
2 Teleportation via 2-qubit pure NME resource
In this section we describe a simple scheme of QT using NME state as a resource, considering re-
peated GBSM’s by Alice in each attempt. If Alice has to teleport an unknown quantum informa-
tion, |I〉1 = a|0〉 + b|1〉 with |a|2 + |b|2 = 1, to Bob, using NME state, |E〉23 = cosχ|00〉 + sinχ|11〉,
where χ[0, pi/4], with concurrence C = sin 2χ the combined tripartite state is then given by |ψ〉123 =
(a|0〉+b|1〉)1(cosχ|00〉+sinχ|11〉)23. Alice keeps all the particles with her and makes GBSM on particles
1 and 2.
2.1 Primary Attempt of GBSM
Alice chooses orthogonal generalized Bell basis as, |B(0)〉 = cosχ|00〉 + sinχ|11〉, |B(1)〉 = sinχ|00〉 −
cosχ|11〉, |B(2)〉 = cosχ|01〉+sinχ|10〉, |B(3)〉 = sinχ|01〉−cosχ|10〉 and performs GBSM on particle pair
(1,2). After measurements the corresponding states of the entangled particle 3 become N1(a cos2 χ|0〉+
b sin2 χ|1〉), a|0〉−b|1〉, a|1〉+b|0〉, N2(a sin2 χ|1〉−b cos2 χ|0〉) for GBSM result 0,1,2,3 respectively, where
N1 = (|a|2 cos4 χ + |b|2 sin4 χ)−1/2 and N2 = (|a|2 sin4 χ + |b|2 cos4 χ)−1/2 are normalization constants.
Bob’s corresponding unitary transformation for these results is U (n) = {I, σz, σx, σzσx}.
Table 1: GBSM Result in Primary Attempt on particles 1 and 2
Result State of particle 3 Probability Fidelity
|B(0)〉 N1(a cos2 χ|0〉+ b sin2 χ|1〉) P0 = |a|2 cos4 χ+ |b|2 sin4 χ 6= 1
|B(1)〉 a|0〉 − b|1〉) P1 = sin2 χ cos2 χ 1
|B(2)〉 a|1〉+ b|0〉) P2 = sin2 χ cos2 χ 1
|B(3)〉 N2(a sin2 χ|1〉 − b cos2 χ|0〉) P3 = |a|2 sin4 χ+ |b|2 cos4 χ 6= 1
it is clear that success is indicated if the GBSM result is |B(1)〉 or |B(2)〉 and failure if the result is |B(0)〉
or |B(3)〉. For indicated success, i.e., GBSM results |B(1)〉 or |B(2)〉, Alice sends the particle not used in
the GBSM, i.e., particle 3, to Bob who then applies a suitable unitary transformation to replicate exactly
the unknown information state. If Alice’s results are |B(0)〉 or |B(3)〉, then she repeats the GBSM but
with particle pair (1,3) and not with the earlier used pair (1,2) because a repeated measurement in this
case can give nothing new. The calculated success probability in this attempt is, sum of the probabilities
for results |B(1)〉 and |B(2)〉, i.e.,
P(0)Success = (P1 + P2) = C2/2 (1)
[7, 8].
2.2 First Repeated Attempt of GBSM
If Alice finds failure in primary attempt of GBSM, then she can repeat her GBSM on pair (1,3). For
failure in the primary attempt, the two cases were primary GBSM results (1) |B(0)〉 and (2) |B(3)〉. We
consider these one by one.
Case-(1) The input state after primary GBSM result |B(0)〉 is
|ψ(0)〉123 = N1(cosχ|00〉+ sinχ|11〉)12(a cos2 χ|0〉+ b sin2 χ|1〉)3
2
Table 2: GBSM results in first repeated attempt on particles 1 and 3
Result State of particle 2 Probability Fidelity
|B(00)〉 ∼ (a cosχ|0〉+ b sinχ|1〉) P00 = Z12(χ)[Z4(χ)]−1[Y 6(χ)]−1 6= 1
|B(01)〉 a|0〉 − b|1〉) P01 = X6(χ)[Z4(χ)]−1[Y 6(χ)]−1 1
|B(02)〉 a|1〉+ b|0〉) P02 = X4(χ)[Z4(χ)]−1 1
|B(03)〉 ∼ (a sinχ|1〉 − b cosχ|0〉) P03 = X2(χ) 6= 1
|B(30)〉 ∼ (a cosχ|0〉+ b sinχ|1〉) P30 = X2(χ) 6= 1
|B(31)〉 a|0〉 − b|1〉) P31 = X4(χ)[Z4(pi/2− χ)]−1 1
|B(32)〉 a|1〉+ b|0〉) P32 = X6(χ)[Z4(pi/2− χ)]−1[Y 6(χ)]−1 1
|B(33)〉 ∼ (a sinχ|1〉 − b cosχ|0〉) P33 = Z12(pi/2− χ)[Z4(pi/2− χ)]−1[Y 6(χ)]−1 6= 1
Here symbol ∼ denotes that the corresponding state is not normalized and we define the functions of
χ, Xn(χ) = cosn χ sinn χ, Y n(χ) = cosn χ+ sinn χ and Zn(χ) = |a|2 cosn χ+ |b|2 sinn χ.
Alice uses orthogonal generalized Bell basis of qubits 1 and 3 as,
|B(00)〉 = (cos3 χ|00〉 + sin3 χ|11〉)[Y 6(χ)]−1/2, |B(01)〉 = (sin3 χ|00〉 − cos3 χ|11〉)[Y 6(χ)]−1/2, |B(02)〉 =
cosχ|01〉 + sinχ|10〉, |B(03)〉 = sinχ|01〉 − cosχ|10〉 and perform 1st repeated attempt of GBSM on
particle pair (1,3).
Case-(2) The input state after primary GBSM result |B(3)〉 is
|ψ(3)〉123 = N2(sinχ|01〉 − cosχ|10〉)12(a sin2 χ|1〉 − b cos2 χ|0〉)3
Alice uses orthogonal generalized Bell basis as, |B(30)〉 = cosχ|00〉 + sinχ|11〉, |B(31)〉 = sinχ|00〉 −
cosχ|11〉, |B(32)〉 = (cos3 χ|01〉 + sin3 χ|10〉)[Y 6(χ)]−1/2, |B(33)〉 = (sin3 χ|01〉 − cos3 χ|10〉)[Y 6(χ)]−1/2
and perform 1st repeated attempt of GBSM on her particle pair (1,3).
Note that in ket for generalized Bell states used in mth repeated GBSM, there are (m + 1) digits
within brakets. The first refers to result of the original GBSM, the second to result of first repeated
GBSM and so on.
Out of eight cases of 1st attempt GBSM Alice can achieve success in four cases. Thus, success proba-
bility is increased by P0(P01 + P02) + P3(P31 + P32) due to this repeated attempt the sum of product
of probabilities for failure in primary GBSM and the corresponding sums of probabilities for success in
first repeated GBSM. The success probability at this stage, thus obtained, is
P(1)success = P(0)success +
C4
8
+
C6
8(4− 3C2) . (2)
2.3 Second Repeated Attempt of GBSM
The same procedure may applied when Alice faces failure in 1st attempt of repeated GBSM. This time
four cases of failure in 1st attempt of GBSM are considered.
The possible results in all the above cases are summarized in table-3. Clearly out of 16 cases of 2nd
repeated attempt of GBSM, success is achieved in 8 cases. At this stage the final success probability
thus obtained is
P(2)success = P(1)success +
C6
32
+
C8
32(4− 3C2) +
C12
32(4− 3C2)3 +
C18
32(4− 3C2)3[4(4− 3C2)2 − 3C6] (3)
To continue the process of achieving as high success as desired, Alice makes 3rd repeated attempt of
3
Table 3: GBSM results in second repeated attempt on particle 1 and 2
Result State of particle 3 Probability Fidelity
|B(000)〉 ∼ (a cos18 χ|0〉+ b sin18 χ|1〉) Z36(χ)[Z12(χ)]−1[Y 6(χ)]−1[Y 18(χ)]−1 6= 1
|B(001)〉 a|0〉 − b|1〉 X18(χ)[Z12(χ)]−1(Y 6(χ))−1[Y 18(χ)]−1 1
|B(002)〉 a|1〉+ b|0〉 X12(χ)[Z12(χ)]−1[Y 6(χ)]−2 1
|B(003)〉 ∼ (a cos6 χ|1〉 − b sin6 χ|0〉) X6(χ)[Y 6(χ)]−2 6= 1
|B(030)〉 a|0〉+ b|1〉 X6(χ)[Z4(χ)]−1[Y 6(χ)]−1 1
|B(031)〉 ∼ (a cos6 χ|0〉 − b sin6 χ|1〉) Z12(χ)[Z4(χ)]−1[Y 6(χ)]−1 6= 1
|B(032)〉 ∼ (a cos2 χ|1〉+ b sin2 χ|0〉) X2(χ) 6= 1
|B(033)〉 a|1〉 − b|0〉 X4(χ)[Z4(χ)]−1 1
|B(300)〉 a|0〉+ b|1〉 X4(χ)[Z4(pi/2− χ)]−1 1
|B(301)〉 ∼ (a sin2 χ|0〉 − b cos2 χ|1〉) X2(χ) 6= 1
|B(302)〉 ∼ (a sin6 χ|1〉+ b cos6 χ|0〉) Z12(pi/2− χ)[Z4(pi/2− χ)]−1[Y 6(χ)]−1 6= 1
|B(303)〉 a|1〉 − b|0〉 X6(pi/2− χ)[Z4(pi/2− χ)]−1[Y 6(χ)]−1 1
|B(330)〉 ∼ (a sin6 χ|0〉+ b cos6 χ|1〉) X6(χ)[Y 6(χ)]−2 6= 1
|B(331)〉 a|0〉 − b|1〉 X12(χ)[Z12(pi/2− χ)]−1[Y 6(χ)]−2 1
|B(332)〉 a|1〉+ b|0〉 X18(χ)[Z12(pi/2− χ)]−1[Y 6(χ)]−1[Y 18(χ)]−1 1
|B(333)〉 ∼ (a sin18 χ|1〉 − b cos18 χ|0〉) Z36(pi/2− χ)[Z12(pi/2− χ)]−1[Y 6(χ)]−1[Y 18(χ)]−1 6= 1
GBSM, 8 cases of failure in 2nd repeated GBSM lead to 32 possibilities in 3rd repeated GBSM, of which
16 give success. The final success probability up to 3rd repeated attempt thus obtained is
Figure 1: Variation of Success probability with concurrence of the entangled state
P(3)Success = P(2)success+
C8
128
+
C10
128(4− 3C2)+
C14
128(4− 3C2)3+
C18
128(4− 3C2)5+
C20
128(4− 3C2)3[4(4− 3C2)2 − 3C6]
+
C24
128(4− 3C2)5[4(4− 3C2)2 − 3C6] +
C36
128(4− 3C2)5[4(4− 3C2)2 − 3C6]3
+
C54
128(4− 3C2)5[4(4− 3C2)2 − 3C6]3[4(4− 3C2)2((4− 3C2)2 − C6)2 − C18] (4)
4
We plot (fig-1) variation of success probability in each attempt with concurrence of the NME resource
state and it is observed that the success increases by repeating GBSM.
3 Results and Discussions
We saw that repeated GBSM can, in principle, lead to SQT with fidelity F → 1 ultimately. But,
practically, the number of repetition of GBSM may be limited to, say, m due to some considerations.
For this case the choice may be to (1) continue to use the GBSM in the mth repetition or (2) use ME Bell
basis in the mth repetition. We find that although (1) may lead to probabilistic success in last attempt
(2) leads to greater maximal average fidelity (MAF). We plot the variation of MAF with concurrence
for both the above cases as shown in fig-2 and fig-3 respectively. We see that greater MAF is achieved
if MEBSM is done. We also note that by increasing m the value of MAF decreases. Hence Alice should
be clear in her objective; if she is interested in maximum value of MAF she has to do only one BSM
with ME states. However, if she is interested in perfect fidelity with probabilistic success she should do
repeated GBSM as shown in this paper.
Figure 2: Variation of maximal average fidelity (MAF) with concurrence of the entangled state with
continuation of GBSM
Figure 3: Variation of maximal average fidelity (MAF) with concurrence of the entangled state with
MEBSM at last attempt
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4 Conclusions
In this paper we show that, in principle, perfect SQT can be done even with a NME resource. In the
primary BSM, the Bell state have same concurrence as the resource and the results indicate probabilistic
success or failure. For cases of indicated failures, GBSM can be repeated using prescribed NME Bell
states. In principle this repetition may be continued till success is achieved.
If, however, repetition of GBSM is limited to finite number of attempts due to any reason, for probabilistic
success with perfect fidelity the GBSM’s in the prescribed manner should be done till the end.
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